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Abstract

This paper studies a commodity trader’s problem of investing in transportation capacity for
hopes of arbitrage opportunity. In this model setting the investment of transportation capacity
is limited, and the commodity trader is facing risk due to financial distress cost. We analyze
settings regarding the arbitrage opportunity of capacity pricing. Besides two trivial problem
settings (risk neutral and mispriced high), this study shows transportation capacity investment
is limited for settings, in which there are arbitrage opportunities (mispriced low and two

measures).

Keywords:Capacity Management, Operational Hedging, Supply Chain Management, Operations

Management, Commodity Transportation

INTRODUCTION

To motivate this study, we consider a commodity producer (or trader) located in Market 1, which
is the domestic spot market, that buys transportation capacity in order to ship the commodity to
another market, i.e., Market 2. We assume to production level being zero, hence the commodity
producer is regarded as a trader, who invests on the transportation capacity if there is a value to
ship the commodity to the Market 2. Moreover, by assuming the Market 2’s spot market price is
being constant; then, the domestic spot market price, Market 1, results the uncertainty in the

decision-making problem. Therefore, the profit of the commodity trader in a single-period
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problem is stochastic and this leads to the financial distress cost for the trader, which is - well
identified and researched in the finance literature - the risk associated with the bankruptcy cost
and the corporate taxes of the firm.

This paper analyzes a capacitated model for the commodity trader, who is value-
maximizer or risk-averse. This difference is caused by the upper bound on how much the trader
buys the transportation capacity to ship the commodity from Market 1 to Market 2. This problem
approach is investigated in four settings based on the measure and pricing of the transportation
capacity: risk neutral, mispriced low, mispriced high, and two measures. The main research
guestion for the commaodity trader in Market 1 is about the structure of the optimal transportation
capacity investment policy. How does the optimal policy change with respect to the parameters
of the model? In this work, we characterize the optimal investment decision and also perform
comparative static analysis for the commaodity trader.

Natural gas producers and the local distribution companies in the transportation market
for the natural gas market in US are the motivation behind this study (Birge, 2000; Civelek,
2014). The number of studies incorporating risk in the operations management is limited and
also focused in the mean-variance analysis context; thus, the main contribution of this study is
using more relevant evaluation of the trader instead of using the utility theory. This paper also
incorporates the financial distress cost into the trader’s evaluation in order to represent the risk
associated with bankruptcy costs and corporate taxes. This allows us to show the impact of this
risk in the structure of the optimal capacity investment decisions.

Section 2 reviews the related literature and places the contribution of this study. Model
setting is presented in Section 3; then, the analysis of the problem for value maximizer trader
and risk averse trader are provided in Section 4 and 5, respectively. Section 6 concludes this

work with discussion and future research.

LITERATURE REVIEW

Flexibility in production processes is defined as the hedge against diversity in general terms (De
Groote, 1994). On the other hand, risk analysis and operations management use the
operational hedging concept as a flexibility. The operational hedging is defined as mitigating risk
by using financial instruments (Chod et al., 2010). This study uses operational flexibility to
create value to let transporting the commodity to Market 2 in hopes of selling the commodity
with a higher price. Therefore, the commodity trader can get value by investing on the
transportation capacity, which is an operational hedging tool against the uncertainty about the

Market 1’s spot market price.

Licensed under Creative Common Page 40



International Journal of Economics, Commerce and Management, United Kingdom

Chen and Federgruen (2000) review the inventory management literature by using the mean-
variance analysis and maximizing the expected utility functions. Eeckhoudt et al. (1995) show
the optimal inventory level of a single product newsboy decreases with risk aversion. In addition
to those studies in literature, Anvari (1987), Boukaiz and Sobel (1992), and Gaur and Seshadri
(2005) study the problem of capacity investment under risk aversion. The main characteristic of
this study separates it from papers from the literature is not using the mean-variance analysis.

In the finance literature, the financial hedging has been extensively studied and used in
recent operations management studies. Diamond (1984) states that the bankruptcy costs of a
firm lead to hedging and emphasizes the importance of diversification in spite of the risk
neutrality. Diamond (1984) also shows that small firms are more likely to hedge and the hedging
reduces the probability to incur bankruptcy costs, and shareholders benefit from hedging
because the bankruptcy brings real costs to them. Moreover, Smith and Stulz (1985) present
the financial distress costs and corporate taxes as the reason of the risks of a firm. This study
models the financial distress cost provided by Brown and Toft (2002), in which the only thing the
value maximizer trader can do is financial hedging to avoid risky states of his or her financial
distress costs.

In light of capacity management literature incorporating risk, Birge (2000) used option
pricing as a market hedge to incorporate risk into planning models by modifying capacity and
resource levels. In this paper, we use similar exchanges of commaodities like natural gas, but our
study differentiates in using risk averse trader and two measure case for the price of the

commodity.

MODEL

Notation used in this study:

ci: Parameter that determines the overall effect of financial distress cost
c,: Parameter that controls the curvature of the financial distress cost
s;: Initial spot market price of Market 1

u: Mean of the normally distributed In s;

o: Standard deviation of the normally distributed In s;

At: Time horizon length of the single period

u: The rate for increased s;

d: The rate for decreased s;, 0<d<1

s14: High value that s; can get at the end of one period, s14 = In us;
s1.: Low value that s; can get at the end of one period, sy = In ds;

S,: Fixed price of the second market
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p*: Probability that s; will become s,y in risk neutral measure, Q

p: Probability that s; will become s,y in the other measure (trader’s belief)
g: Capacity investment decision (decision variable)

g: Upper bound on the capacity investment

K: Unit price of the capacity

P(q,s1): Profit at the end of the single period

C(P(g,sy)): Financial distress cost at the end of the single period

7(q): Expected profit at the end of the single period

Q: Risk-neutral probability measure

gu: Upper bound on the transportation capacity

This paper uses the modeling approach using two different traders: Value maximizer and risk
averse. In considering the trader's problem, the model directly incorporates the value of the
trader’s firm instead of using a utility function. The value maximizer trader maximizes the
expected value of the firm, which is the expected cash flow minus expected financial distress
cost. As for the risk averse trader, he or she focuses on maximizing the utility. We assume a
risk-averse manager, whose compensation depends on a constant percentage of the firm’s
profit at the end of the single trading period. Additionally, his or her mission is to mitigate the
impact of low profit states as much as possible because of his or her utility. For each trader
type, the present study analyzes four cases based on the probability measure and the pricing of
the transportation capacity: (i) risk neutral, (i) mispriced low, (iii) mispriced high, and (iv) two
measures.

There are two markets: Market 1, at where the trader buys and sells the commodity, and
Market 2, at where the trader can ship the commodity and sell. The commodity trader buys the
transportation capacity and also buys from Market 1 based on the spread among the random
spot market price in Market 1 and the fixed price in Market 2. Regarding the single-period
options pricing theory and the traditional assumptions on the stock prices, the uncertain
commodity price, s; has a lognormal distribution: In s; is normally distributed with mean y and
standard deviation ¢. o refers to the volatility of the price. By the binomial options pricing theory,
we select the time horizon of the single period problem, At, small enough (in our numerical
studies, we let one day as the length of the single period trading time horizon, so At= 1/365).

Moreover, in order to match the mean log return and the variance of the price, we use the

standard model for u and d: u=e°'2 and d=1/u. Since the only uncertainty arises from s;, we

assume a two-point discrete distribution for s;: s; =s;y4 with probability p and s;; with probability

1-p.

Licensed under Creative Common Page 42



International Journal of Economics, Commerce and Management, United Kingdom

In the rest of the paper, we use s;y = In us; and s;. = In ds;. We also assume s;> S;> s; tO
avoid trivial situations in the problem setting. Moreover, the expected future price of the spot
Market 1 is equal to the initial prices under risk neutral pricing of the transportation capacity. By
assuming the risk-free rate being zero, the probability of the high-price state, sy, is p* = (1-
d)/(u-d). By assumption, the unit price of the transport capacity, K, is determined by the spread
of the price between two market prices under the risk-neutral measure, Q:

K=Eq[{Szs1} |=(1-p"){Sz-su.) (1)
The profit position at the end of the single period is P(q,s1)=q({S.-s:}'-K).Hence, the

corresponding financial distress cost regarding the profit in the future is C(P(q,s1)) =

cre~c2Plas)) = ¢ e=c2aWS2=s1Y'=K) \where ¢,;>0 and c,>0. Then, the expected profit of the firm is
1m(q)=E[P(q,s:)-C(P(q,s1))]-

Lemma 1. The expected value of the firm, 17(q), is concave.
VALUE MAXIMIZER TRADER

In this section, we characterize the structure the optimal capacity investment decision of the
value maximizer trader and perform an analysis of the comparative statics. In analyzing the
behavior of the value function and analyzing the comparative statics, the following values are
used for the parameters unless the change is specifically stated: ¢;=0.1, ¢,=3, s1=2, S,=In2.5,
u=0.15 and 0=0.20. Moreover, the unit capacity price, K, is 0.1 in the mispriced low and 1.5(1-
P*)(S2-s11) in the mispriced high.

In the literature using operational flexibility and hedging, the models are based on the
exponential utility functions and mean-variance maximizer manager. Hence, the main
distinguishing feature of our model is using the expected value of the firm directly without using

any utility function. In the model, the firm’s problem is:

maxq T(q)=E[P(q,51)-C(P(a.s1))] )

Risk neutral

In this case, there is only one measure, which is risk neutral. Then, the expected profit of the
firm is EqP(d,51)=K-K=0. Therefore, the firm's problem is max, n(q) = E[-C(P(q,s1))] =
min, E[-C(P(q,s1))], subjectto q < g and q > 0.
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Proposition 1. The optimal transportation capacity investment, g*, is zero.

By Proposition 1, the commodity trader never enters the transportation capacity business if
there exists only risk neutral measure. With only risk neutral measure, there is no incentive for

the trader to buy the transportation capacity; therefore, the solution is trivial.

Mispriced low
The price of the capacity is lower than its value under risk neutral measure: K < Eq[{S;-s1}'].

Proposition 2. Let g, is the solution of the following first-order condition:
(1 =p*)(Sy —s11) — K — cieo{p*Ke 29K — (1 — p*)(S; — 51, — K)e~20C275=K)} = 0. Then,  the

optimal transportation capacity decision, g* > 0, isequalto §if§ <g,orgif§ = q.

Proposition 2 shows that the trader gets value for investment is the capacity is mispriced low.
This value is, in fact, a pure arbitrage opportunity in the market since the commodity trader is

buying from the Market 1 and selling it in the Market 2.

Proposition 3. In the comparative statics, the following holds: (1) dq*/dc; <0, (2) 0q*/dc,; < 0,
(3)dq* /0K < 0, (4) dq*/3S, > 0, (5) dq*/ds; < 0 and (6) dq*/do < 0.

The value maximizer trader decreases its investment as the impact of the financial distress cost,
C; and ¢, increase. This result is intuitive because the firm invests less as the impact of financial
distress cost increases. In order to understand the impacts of K, S,, s; and g, we analyze the

variance of the profit at the end of single period:
Var[P(q,s1)] = ¢*{p"K* + (1 = p")(S; — 51, — K)* = [(A = p*)(S, —s1,) = K]*}  (3)

Proposition 4. The impact of E[P(qg,s:)] dominates the comparative statics of K, S,, s; and oon

the optimal investment, g*, instead of Var[P(q,s1)]. Thus, the following holds:

aq/ aEQ [P(Q; Sl)]/' avar[P(Q; Sl)]/'
K <0 <0 0
S, >0 >0 <0
S1 <0 <0 <0
(o) >0 >0 >0
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Regarding the managerial insights for the unit transportation capacity price K, the fixed Market
2’s price, s, the initial price of the Market 1, s;, and the volatility of s;, o, the value maximizer
trader buys more on transportation capacity if the trader makes more profit on expectation
whether there exists high or low risk caused by the variance of the profit. In other words, if s, or
o increases, the value maximizer trader earns more profit on expectation and buys more
transportation capacity although the variance of the profit increases. On the contrary, if K or s;
increases, the value maximizer firm makes less money on expectation; thus, the trader invests
less on the transportation capacity in spite of decreasing of the variance of the profit. Therefore,
making more profit on expectation is more significant on the value-maximizer firm’s decisions

regardless on the risk associated with the variance of the profit.

Mispriced high
The transportation capacity is priced high asK > Eq[{S,-s1}].

Proposition 5. The optimal transportation capacity investment decision, g*, is zero.

By Proposition 5, the commodity trader never enters the transportation capacity business if the
capacity is mispriced high, in which selling the capacity enables the producer pure arbitrage.

Consequently, this case of the value maximizer trader has a trivial solution, g*=0.

Two-measures
In this case, the capacity is priced fairly by the risk neutral measure and the expected profit is
measures by the firm’s belief, which is different than the risk neutral measure. In order to avoid

trivial solution, we assume p* > p:
ElPOl=q{-pK+ QA =p)(S2 —s1, = K)} =q(S; —=s1)(p" —p) >0=>p">p

Proposition 6. Let G, is the solution of the following first-order condition:p* —p — clcz[p(l -
p*)ec21-PIS2=s11)a — (1 — p)p*ec2P $2751.)9] = 0.Then, the optimal transportation capacity

decision, ¢* > 0, isequalto jifg < g,orgifg = q.

By Proposition 6, the trader maximizes its expected profit by investing on transportation
capacity, because the fair price by risk-neutral measure is lower than the firm’s belief on the
price, p* > p: (1 —p*)(S; —s11) < (1 —p)(S; — s11). Therefore, the price of the capacity is low

according to the firm’s belief and capacity investment creates value for the firm on expectation.
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Proposition 7. In the comparative statics, the following holds: (1) dq*/dc, < 0, (2) dq*/dc, < 0,
(3)0q*/op <0, (4)0q*/0S, <0, (5)dg*/ds, > 0 and (6) dg*/do < 0.

The value maximizer trader invests less as the impact of the financial distress cost increases, c;
and c; increase. This result is intuitive since the trader invests less as the impact of the financial
distress cost increases. Additionally, the transportation capacity investment approaches to zero
as p gets closer to the risk neutral probability, p*, at where the problem becomes the case with

one measure and the solution is trivial as g*=0.

Proposition 8. The impact of Var[P(qg,s1)] dominates the comparative statics of S,, s; and oon
the optimal investment, g*, instead of E[P(qg,s1)]. The following holds:

aq/. 0Ey[P(q,s1)]/. oVar[P(q, s1)]/.
S, <0 >0 >0
S1 >0 <0 <0
o <0 >0 >0

The value maximizer firm invests more on transportation capacity if the variance of the profit
decreases, because the firm makes more profit in expectation. This result is counter-intuitive
regarding the case where the transportation capacity is low mispriced. In the comparative statics
of S, and g, the value-maximizer firm invests less on capacity if S, and o increases in spite of
expected profit improvement in both cases. The reason is that the variance of the profit
decreases as S, and o increases. Therefore, the impact of variance of the profit dominates the
effect of the expected profit on the optimal transportation capacity investment, in which there are
different measures: risk-neutral and value-maximizer firm’s belief. Moreover, the risk associated
with the variance of the profit is more significant than the expected profit on the capacity

investment decision.

RISK AVERSE TRADER
In this study’s problem setting, the risk averse trader's compensation depends on a certain
percentage of the expected profit at the end of the single trading period, yP(.) where y is the

predetermined ratio of the trader’s payoff. Since the firm has a risk associated with the expected
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financial distress cost, the risk-averse trader's utility also consists of this cost, U(.) = E[-

C(yP(q,s1)]. Thus, the risk-averse trader’s problem is
mqax E[—C(yP(q, sl))] = rr}]in E[C(yP(q, sl))].

Since y is a scale factor for the P(.), we assume y=1 for the rest of the paper. Hence, the risk-

averse trader’s problem is

mqin E[C(P(q, 51))].

In the following subsections, we analyze 4 setting for the risk averse trader: risk-neutral,

mispriced low, mispriced high, and two measures.

Risk neutral
This case is similar to the value maximizer trader’s problem, in which the solution is trivial, g*=0.
This result is intuitive since there is no arbitrage opportunity for the trader in using only risk

neutral measure, in which the capacity is already fairly priced.

Mispriced low

This case provides arbitrage opportunity for the trader, in which the price of the capacity is lower
than its value under risk-neutral measure. In other words, the capacity is low-mispriced: K <
Eql{S2-81}'] 2 K< (1-p*)(S2 - s11).

1 A-p")(S,

Proposition 9. Let .4 = ——— :
2(S2—s1;,

_S“_K)]. Then, the optimal investment decision,

q*>0,isequaltogifg<g,orqgifg=q.

Since we assume only exponential utility function in this case, there is a closed form solution for
g*. Before the comparative statics of the optimal investment decision, we first define mispricing

ratio, .

Definition 1. The mispricing ratio, y, is used to quantify the low mispricing of the unit capacity
price, K, regarding the risk-neutral measure, Q, and it is defined as

_ K

S @-p)(Sy s

Where, 0 <y < 1 by definition.

¥
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Proposition 10. Let ¥ be the critical value for the mispriced ratio, at where comparative statics

of S, and s; change. Additionally, S, and & are the critical values of S, and s; depending on ).

~ 1 LambertW (1?)_—5)

(1 =) 1+ Lambertw (1_—p)
pe
S2 + K
=S S p—
S TC D)
1 g K _
§ =—e 2 90,
51 d e

Then, the following holds in the comparative statics:
() 90gq/dc; <0

(i) 9q/0K < 0

(iii) dg /90 < 0
9q/0S, >0 ,sq; +1_Lp*<52 <5,

(V) 9q/as, = 0 ;=5
dq/9S, <0 S, < S, < sy
dq/ds; >0 , 81, < 81 < 8§

(v) dq/0s; =0 ,S1 =81

K
~ 1 §—K_
0q/0s; <0 ,§ <s; <Ze2 a-»"

Considering the comparative statics of the case for the value-maximizer firm, Proposition 3, the
impacts of c,, K and ¢ are similar for the risk-averse trader. Hence, the risk averse trader also
invests less on the transportation capacity as the effect of financial distress cost increases or
the unit price of the capacity increases. However, he or she invests more on capacity as ¢
increases. Moreover, the impact of S, and s; depend on both K and w. Therefore, the impact of

s; depends on both K and S..

Mispriced high
The capacity is high-mispriced: K > Eg[{S2-51}'] 2 K > (1-p*)(S2 — s11).

Proposition 11. The optimal transportation capacity decision, g*, is zero.

The risk averse trader never enters the transportation capacity investment business if the

capacity is mispriced high. Similar to the value-maximizer firm, the solution is trivial, g*=0.
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Two measures

The transportation capacity is fairly priced by the risk neutral measure of the shipper; however,
the value of the shipping capacity is measured by the risk averse trader's measure. In order to
avoid the trivial solution, p*>p is assumed. We also define a ratio called the likelihood of the
increase of the price for each measure: L*and L.

Definition 2. L*=p*/(1-p*) and L=p/(1-p) are the likelihood of an increase, upward movement, of
the spot market price in market 1, sy, in the risk-neutral measure and the other measure (firm’s

belief), respectively.

Proposition 12. Let g, § = ﬁln (LI) Then, the optimal investment decision, g* > 0, is
2\W02751L

equaltogifg<g,orgifg=gq.

In the closed form solution of g*, L* is always greater than L, due to the assumption of p*>p.
Therefore, the risk averse trader buys capacity if the likelihood of the trader’s belief, L, is less
than the risk neutral measure, L*.Considering the case for the risk averse trader and value
maximizer trader, the comparative statics are the same. Thus, the risk averse trader invests less
on the capacity as the effect of the financial distress cost, c,, increases. Moreover, the risk
averse trader invests less on the capacity as the trader’s belief about the probability on the
upward movement in s;, p, increases. In other words, the transportation capacity investment
becomes closer to zero as p gets closer to the risk-neutral probability, p*, in which the problem
becomes the case with one measure and has a trivial solution, g*=0. As for analyzing the

impacts of S, s; and g, we analyze that via Proposition 8.

CONCLUSION

In this commodity trading model by the marketing flexibility with the financial distress cost, the
trader invests to the maximum amount if shipping the commodity to the secondary market is
valuable. We prove that there is a trivial solution, g* = 0, in the case in where only risk neutral
measure and the mispriced high cases. As for the managerial insights regarding mispriced low,
the trader does not invest infinitely on the capacity even if there might be a pure arbitrage
opportunity. The intuition is that the financial distress cost becomes very significant and the
trader will start to hurt himself or herself after a large transportation capacity investment;
therefore, the variance of the profit and the financial distress cost clearly prevent the trader from

investing infinite amount of capacity. Focusing on the comparative statics of s;, S, and o, the
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impacts of the profit on expectation and the variance of the profit change in the mispriced low
case. In determining the comparative static of s;, S, and o, the profit on expectation dominates
the variance in the mispriced low case.

The implications of this study are that the commodity trader needs to determine both
operational and financial decisions simultaneously in order to mitigate risk from spot market
prices and uncertain demand conditions. Managers in commodity production and trading
companies, i.e., natural gas, oil and coal producers/traders, need to incorporate operational and
financial decisions simultaneously in order to mitigate risk from spot market prices. Considering
mispriced low case for the transportation capacity, the commodity trader does not invest
infinitely on the transportation capacity even if a pure arbitrage opportunity may exist. This result
provides an insightful managerial implication such that the financial distress cost becomes
significant for the commaodity trader.

For future research, risk averse commodity trader's problem or considerations of
financial hedging decisions are promising research problems. There are also limitations of our
study, in which commodity trading problems involve stochastic structure of commaodity trading
with transportation capacity investment and financial hedging in practice, Moreover, incentive
limitations arise in the transportation of the commodities by commodity producer and traders in

different markets.
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APPENDIX

Proof of Lemma 1. Since P(q,s,) is linear and C(P(q,s,)) is convex in g, P(q,s:)-C(P(q,sy)) is
concave. By the preservation of concavity under expectation, (q) is concave.

Proof of Proposition 1. max, = (q) = min, c;{ec2a=PIS2=s11) 4 (1 — p)e=c2aP” S2=s1)}
subject to q 2 0. KKT conditions are A =0,
(i)Aq* = 0and(iii)c; c;p* (1 — p*) (S, — s1,){e€2907PIG27511) — g=c2aP"(S2=s1)} — 3 = 0= ¢* = 0
andlA = 0. Then, g > 0is weakly active. SinceE,[C(P(g,s;))]andg = 0 are convex, g*=0 is the
global optimum by KKT.

Proof of Proposition 2. max, m (q) = q{(1 — p*)(S; —51,) — K} — cl{p*eczq’( -(1-
p*)e~c24G2-s1.-K)} "subject to q = 0. KKT conditions are (i)A = 0, (ii)Ag* = 0and (iii) (1 — p*)(S, —
s11) — K — cieo{p*Ke29 — (1 —p*)(S; — 51, — K)e™ 2025 4 1 =0=¢">0 and 1=0.
Then,q > 0is weakly active. Sincerr(q) andg > Oare concave,q* > 0is the global optimum by
KKT. Therefore, the first order condition gives the global optimum.

Proof of Proposition 3. (1) dg*/dc; < 0:

dq _ —co{p"Ke? ™ — (1 —p*)(S, — 51, — K)e~ 21275170}

ac;  —crc2{pK2ec2d — (1 — p)(S; — 51, — K)2e—c20S2s1.-K)}

ap = p*K?e2K — (1 —p*)(S; — sy, — K)2e~20C2ms1=K) >
1 9Ey[c(P(q,sD)]

€16 dq
Since Ey[C(P(q,s1))]is strictly increasing in g, a, > 0. By definition, ¢,>0, c,>0. Therefore,
0q™/9c, = —az/(cic2a1) < 0.
(2) dq*/dc, < 0:

a, = p*Ke29 — (1 — p*)(S, — 51, — K)ec24S2—s1.-K) =

dq —c163(a; + 1) az + o
a_Cz T —c16% - C2tq <0
(3) dg* /9K < 0:
9q  —1—cic{p"Ke?%™ (14 c,qK) + (1 — p)[1 + 29K (S, — 51, — K)]e™ 295251710}
oK —c16H{p K229 + (1 — p*)(S; — 51, — K)2e~2a(S2—s1u.~K)}

az = p*Ke2 (1 4 c,qK) + (1 — p*)[1 + c,qK(S; — sy, — K)]e~c242=s1.=K) > ¢
dq 1+ cicaz
oK c1cay
(4) dg*/3S, > 0:
9q (1 =pI)1+cice” 296251001 — ¢,q(S, — 51, = K)]}

3S; 162 {p K%e 2K + (1 —p*)(S; — 51, — K)?e~c20G2—s1.-K)}

In the case of low-mispriced capacity, K<(1-p*)(S:-Si)2S>>[K/(1-p*)]+s.i.. By using the
nonnegativity constraint on q:

e=20C2s1.7 01 — ¢,q(S; — 51, —K)] = 1,4 > 0

20025117011 — ¢,¢(S; — 51, = K)] = 0, = o0

= 0 < e 2162511 — ¢,q(S, — 51, —K)] < 1
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Since a, < 0, then dq*/dS, > 0.
(5) 0q*/9s; < O:

aq B _ (L;—_ld)d — ¢10 {_ (Z:;) [_de—czq(sz—ln ds1—K) + CZCI(SZ —Inds; — K)Ze—(Sz—ln dsl—K)]}
dlns; _%{(1 — d)K2e%2%K + (u — 1)(S, — Inds; — K)2e—(S2-nds1—=K)}
u—

_ (u—1)d{1 — ¢y 22 dsi=KI[1 — (S, —Inds; — K)]}
" 0162{(1 — d)K2e 29K + (u —1)(S; — Inds; — K)2e~(S2-In ds1=K)}
By using nonnegativity constraint on q:
e~2aS2-Inds1=K)[1 _ ¢, q(S, —Inds; —K)] > 1,q = 0
e=c20S2=Inds1=K)[1 _ ¢, ¢(S, —Inds; — K)] = 0,q = oo
= 0 < e 24027 ds1=K)[1 _ ¢, (S, —Inds; —K)] < 1
= —1 —cjcpe 242" nds1=K[] _ . 4(S, —Inds; —K)] <0

Since (1 —d)K?%e2 + (u—1)(S, —Inds; — K)%2e~(27nds1=K) 5 0 anddq/dlns; <0, then
0q/ds; = (dq/dIns;)s; <O.
(6) 3q° /3 < 0
Let B, = uKe29% (S, —Ins; + Inu — K) and dq/0du:
g  u(S, —Ins; +Inu —K) — cyc; Bpe 202 —In sp+Inu—K)
ou u+1
Let Ay, As, Ag, ,83 and ar:
as = u(S, —Ins; 4+ Inu) — ¢y, fpe 24827 s1+nu—K)
as = u(S; —Ins; +Inu+ 1) + ccfpe 202 msitmu=K) (g, _Ins; +Inu—K)(1 + cpq) + 1]
K2ec2dK u 1 1 2 ,—c2q(S;—In s{+In u—K)
1 +u+1(52—nsl+ nu—K)“e >0
B3 = Ke®2K 4 g=c2aS2-Insi+nu=K)1(g, _Ing +Inu—K)(1+ cq —u) + 1]
S;—Ins;+lnu+u+1+4+cic053

Ag =

a7 = W+ 1) >0
By substituting a4, as, ag and a; into dq/ou:
ay as
a_q _ _ (u+1)22 u+1 _ (127 >0
Ju —C1C5 g €165 g
By expanding u as u = e°“t and the chain rule:
dq _0dq

_t_-1 aglAt
7 auAte >0,At >0
Proof of Proposition 4. We will show dq/., dE,[P(q,s1)]/. and dVar[P(q,s;)]/. for K, S, s;and
o. First, Eq[P(q,s1)], Eq[P%(g,s1)] and Var[P(q, s;)] are the following:
Eq[P(q,51)]1 = q[(1 —p*)(S; — 51, — K)]
Eq[P?*(q,5)] = ¢*[p"K* + (1 = p*)(S; — 51, — K)?]
Var[P(q,s)] = ¢*{p*K* + (1 = p*)(S; — 51, — K)* = [(1 = p*)(Sz — s1,) — K1}
() 0q/0K < 0,E([P(q,s1)]/0K < 0 and dVar[P(q,s1)]/0K = 0:
We proved indq/dK < 0 Proposition 3. Then, E,[P(q,s;)]/0K and dVar[P(q,s;)]/0K:
aEQ [P(q,s1)]
VarlPg,5)] Ko
ar , S 2
e = ¢ [2pK = 20— (S, — s — K+ 2((1 = p) (S, —s1) — K) | = 0
(i) 9q/0S, > 0,E¢[P(q,51)]/0S, > 0 and dVar[P(q,s,)]/dS, > O:
We proved dq/dS, > 0 in Proposition 3. Then, E,[P(q,s1)]1/3S, and dVar[P(q,s1)]/0S,:
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aEQ[P(CI; s1)] _
s, B
oVar[P(q,s1)]
s = 24 (1= p)(S, —su) > 0
2
(iii) 0q/ds; < 0,E¢[P(q,s1)]/0s1 < 0 and dVar[P(q,s;)]/ds; > O:
We proved dq/ds; < 0 in Proposition 3.
0Eq[P(q,s1)]

q(1-p") >0

0Eq[P(q,s1)] _ 0Eq[P(q,s1)] 1

= —qg(1—p*
dIns; q1-p)<0= dsq dlns; sl<0
dVar[P(q,s1)] dVar[P(q,s1)] _dVar[P(q,s1)] 1
— = 2¢°p"(1 —-p* — = —
dIns; P A =p)ES —su) <0= dsq dIns; S1 <0
(iv) dq/d0 > 0,E,[P(q,s1)]/d5 > 0 and dVar[P(q,s;)]/dc > 0:
We proved dq/do > 0 in Proposition 3.
J0E,[P(q,s JE,|P(q,s JEy[P(g,s1)]1
Q[ (q 1)]=q(1—p*)>0$ Q[ (q 1)]: Q[ (q 1)]—Ate“>0
dlnu do dlnu u

Let 8, and Bs:
2

u—d
—2p"(A —p")(Sy — 51, — K)(S; —51,) >0

By = (2—p*)(52—51L—K)2— >0
_ 2p*(u—1)(S; — 51, — K)

u

Bs

oVar[P(q,sD)] _ q°
7 —u_d(,34+55)>0

By expanding u as u = ¢! and the chain rule:
dVar[P(q,s1)]  dVar[P(q,s1)]

do du

Ate?t >0

Proof of Proposition 5. The problem of the value-maximizer firm is:
maxn’(q) = q[(]_ — p*)(SZ — SlL) — K] - [p*eCZLI(l—P*)(SZ_SlL) + (1 — p*)e—cqu*(Sz—Su)]
q
= minn(q) = q[-(1 —p*)(S; —s1,) + K] + ¢ [p*eCZLI(l—p*)(Sz—SlL) +(1- p*)e—CZQP*(Sz—Su)]
q
subject to g = 0. KKT conditions are (i)A >0, (ij)Ag* = 0and (i) K — (1 —p*)(S, —sq1) +
C1C2(1 — p*)(sz — SlL){eCZq(l_p*)(SZ_SlL) — e_Cqu*(SZ_SlL)} — A =0> q* =0 andA =K —

(1 —=p*)(S; —sq.) > 0. Then, q = 0is strongly active. If the nonnegativity constraint is relaxed,
there exists global minimumg < 0 by the concavity of 7(g) and KKT.

Proof of Proposition 6.

max, m(q) = q(S; — s1,.)(p™ — p) — ¢ [pe2?1PIE2751) 4 (1 — p)e29P"27s1)] subject to ¢ =
0. KKT conditions are A =0, (ilAg* = 0and (iii)
(s, — SlL){p* —p—ci0; [p(l — p*)ec2d1-PIS2-s11) (1 — p)p*e—cqu*(sz—su)]} +1=0=2q">0
andA = 0. Then, g = 0Ois weakly active. Since n(g) and q = 0 are concave, q* = 0 is the global
optimum by KKT. Hence, the first order condition gives the global maximum.

Proof of Proposition 7. (1) dq*/dc; < 0:
aq* —c, [p(l - p*)eCZCI(l—p*)(Sz—SlL) +(1- p)p*e—CZCIP*(Sz—Su)]
g —arcd(S; —s1)[p(1 — p)2ec (PG50 + (1 - p)(p*)2e 2w Ge—su)]

Let
ag = C1C§(52 — SlL)[p(l — p*)zeczq(l—p*)@z—su) +(1- p)(p*)Ze—Cqu*(Sz—Su)] >0
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ag =p(1— p*)eCZQ(l—P*)(Sz—SlL) +(1- p)p*e—CZQP*(Sz—Su) =

Since E,[C(P(.))] is strictly increasing in g, ag > 0.
dqg"  ag <0
6C1 B (04) '
(2) dq*/dcy, < 0:

Let A = p(l — p*)zquZQ(l—P*)(sz—Su) + (1 — p)(p*)zqe_Cqu*(SZ_le) > 0’ then

aq”  —cilag +c2(S; — s1)aqo]
—_—=— <0.
662 —ag
(3) dq*/op < O:
aq* —1—cc, [(1 — p*)eC2Q(1—p*)(52—51L) + p*e_CZQP*(SZ_SlL)]
aip —c16£(S; — s1)aqg .
Leta;; = (1 — p*)eCZCI(l—P*)(Sz—SlL) + p*e_CZQP*(SZ_SlL) > 0, then
aq* -1 —cca
q __ = 1C2a11 <0.
dp —c165(S; — s1)aqg
(4) ag*/aS, < 0:
a *

s, (S —su)
(5) dq*/ds; > 0:
Let Bs = p(1 — p*)zeczq(l—p*)(sz—ln si=Ind) (1- p)(p*)ze—cqu*(sz—ln s1—In d), then

0" _ —c1c3qBs _ q -0
dlns; —s1¢1¢5(S; —Ins; —Ind)(—Be)  51(S; —Ins; —Ind)
dq©  0q" 1

ds; dlns; §
(6) dg*/do < 0.
Let a1,, a13 and aq4 are the following:

u S, —1 1 1
ap = pemczq(sz—ln sy+nu) 1 +uCI( 2 ns; +mnu+u+ ) >0,
u+1l
—L (u+ulnu+1)
=(1- " ¢2q(Sz—In sy+In u) 1 ’
a;z3 = (1 —plew+ D

2

u £ _¢,q(S;—In s;+In w) (1 +p) _—1c (S2—In sq+In u)
=p——putr12902 1 — = pus1c292 1 > 0.
M =Pz w+D2"
Then,
1 2
aq" _m(l + cic5(agp + a13)) -0
ou  —cc5(S, —Ins; +Inu)ay, '
By substituting u = %’ and the chain rule:
dq* dq*
— = —Ate’® < 0.
do  du ¢

aq c162(Sy — s11)

Proof of Proposition 8. First, E[P(q,s;)], E[P*(q, s;)]and Var[P(q, s;)] are the following:

E[P(q,s1)] = q(S; = s1.)(p* —p),
E[P%(q,50)] = q*(S2 — s1.)* [p(1 —p)? + (1 —p)(»")?],
Var[P(q,s1)] = q*(S; — s1.)*p(1 — p).
(i) dq/0S, < 0, dE[P(q,s1)]/dS, > 0 and aVar[P(q, s1)]/3S, > 0:
aq q

6—52_ Sz = s11

<0,
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0E[P(q,s1)]

=qglp* — 0
33, q(p”—p) >0,
oVar[P(q,s1)]
Tl = 2¢*(S; — s1.)p(1 —p) > 0.
2
(i) dq/ds, > 0,0E[P(q,s1)]/ds; < 0 and dVar[P(q,s1)]/ds; < O:
99_ _ 9 0211,
dlns; s.(S, —Ins; —Ind) 0s1 51 ’
0E[P(q,s1)] i
dlns, =—q(p"—p) <0,
0E[P(q,s1)] OE[P(q,s1)] 1
= — <0,
dsq dlns; s

avag[lp(q’ ] —2q*(S; —s1.)p(1 —p) <0,
nsq
dVar[P(q,s;)] dVar[P(q,s1)] 1

= — <0.
051 0lIns; S1

(iii) dg/00 > 0, dE[P(q,s1)]/do > 0 and 6Var[P(q, sl)]/aa > 0:
09 “uina ——q[1 + c1c5 (agp + as3)]

ou —c1¢2(S; —Ins; + Inw)ayy

By substituting u = ¢4t and the chain rule:
dq _dq
90 ou

0E[P(q,s1)]

— Ate™t < 0.

Then,

=q(p* )1 >0

0 =q\p —p u :

0E[P(q,s1)] aE[P(Q.S1)]

- Ju

= 2¢*(S; — s1.)p(1 — P) >0,

6Var[P (q,s1)] aVar[P (q,s1)]
do Ju

t oAt > 0
do
oVar[P(q, s1)]

Ate®™t > 0.

Proof of Proposition 9.

rrgn c[pre29 + (1 — p)e=29G2751.=K)] subject to q > 0.
KKT conditions are A =0, (ilAq™ = 0and (iii)
crca[p Ke2 — (1 — p*)(S; — 51, — K)e™ 2002518 — 1 = 0 = ¢* > 0 andA = 0. Then, q > 0is
weakly active. Since E[C(P(g,s;))] and q > 0 are convex, ¢* > 0 is the global optimum by KKT.
Hence, the first order condition gives the global minimum.

Proof of Proposition 10.
() dq/dc, <0

9q _ _ ! In [(1—17*)(52 _SlL_K)]
dc, c5(S; —s11) p*K
Since K < (1 —p*)(S; — s11),

>0

[(1 -p )(52 — sy, — K)

By assuming S, > sq;, then (S, —sq;) > 0. Therefore, dq/dc, < 0.
(i) 9g/0K < 0
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dq 1 ( 1 N 1)
aK B K 2(S, —s;)\S, —s;, —K K
=+~ L > 0, then dq/0K < 0.

Since (S, —s1,) >0 and

(i) 0q/00 < 0
Let A5, A16, A17, A1g and Q9.

a5 =[u+1—u(S; —Ins; +Inu—K)|(S, —Ins; + Inuw)
[(SZ —Ins; +Inu—K)

a1 =W+ 1)(S; —Ins; +Inu—K) In w1 DK

a7 =c,(S, —Ins; +Inw)?(S, —Ins; +Inu—Kulwu+1) >0
[(SZ —Ins; +Inu—K) }< 0

(u+ DK
—u(S; —Ins; +Inu — K)(S, —Ins; + Inw)

ag = (w+1)(S; —Ins; +Inu) {1 —In

(S, —Ins; +Inu—K)

(u+ DK
By the definition of the natural logarithm:

S,—Ins; +Inu—K >In(S, —Ins; + Inu — K).
By definition, K < u(S, —Ins; +Inu)/(u + 1), then
u(S, —Ins; +Inu) > K(u + 1).

Therefore, a9 < 0. Then, aq/au = (0_’15 - a16)/a17 = (a18 + alg)/(l17 < 0.
By substituting u = %t and the chain rule:

A9 = K(u+ 1)111

aq dq A
%% auAt et < 0.
0q/0S, >0 sy, +—=<5< S,
(V) 9g/as, = 0 ,52 =5,
dq/9S, <0 , S, < Sy < sy
0q _ S —s1, = (S —su, —K)In[(1 —p")(S; — 51, = K)/(p"K)]
S, 2 (87 = 511)%(S; — 51, — K) '

By definition, CZ(SZ — SlL)Z(SZ —S1L — K) > 0.
=S, —s1, — (S; —s1, —K) In[(1 = p)(S, — sy, — K)/(p*K)]| = 0, where K is the critical capacity
price at dq/dS, = 0. Then, by using simple algebra:

1-p* K K

eSz—le -K

ep* 52 —s1,— K
Thus, in this equation system the Lambert-W function is used to find K:
LambertW (1_—p)
ep

1—p*)
p*

1+ LambertW( .

K =(S;—s11)

Then, the critical mispricing ration, 1, is the following:
R 1 LambertW ( )

TS -s) A-p >1+Lambertw( )

Thus,
9q/0S, <0 ,0<yp <P
09/3S, =0 Y =1
9q/9S, >0 ,p<yp<1
By substituting ) = K/(1 — p*)(S, — s1.),

S, = — K
S =
P T g -pY)
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Therefore, by using S5:

K —
6q/652>0 751L+1_ *<52 <52
0q/9S, =0 S, =5,
6q/652<0 ,§;<SZ < S1H

6q/651>0 '51L<Sl<§i
(v) dq/ds; =0 ,S1 =1 5 )
0q/0s; <0 ,51<s; < Eesz_u—p*)
dqg 6q:>6q_ dg 1 0q1
d1n S1 h 652 651 B dIn 5181 h 652 S1

Thus,
dq/ds; >0 ,0<yP <P
dq/ds; =0 W =1
dq/0s; <0 ,Pp<yp<1

Since, similarto S,
1 K

§ == 7am
By substituting s7:
6q/651>0 ,51L<51<S/1
dq/ds; =0 ,S1 =8

~ 15 K_
6q/651 <0 ,5 <s <E€ a-p"

Proof of Proposition 11. From Proposition 6, the first order condition gives the closed form
solution for g*:

= n
1 c2(Sy — s11) p'K

. 1 1 1=p (S =511 — K)]

Since K > Sz — S1L-

<lnl1<0.

In (1-p)(S; — 51, — K)
p*K
Therefore, g* < 0. By the nonnegativity constraint on the capacity, g*=0.

Proof of Proposition 12.
min ¢, [pe2? + (1 — p)e~20G2751.-K)] subject to q = 0.
q

The KKT conditions are ()4 > 0, (i)Ag* = 0and (iii) c;c;(S; — s1,)[p(1 — p*ec2d A=PIS2=s1) ¢
(1—p)pre2P@G2=s1)] 3} =0=¢*>0 andi=0. Then, ¢ =>0is weakly active. Since
E[c(P(g,s1))] and q = 0 are convex, q* > 0 is the global optimum by KKT. Hence, the first
order condition gives the global minimum:

165 (S; — SlL)[p(l — p*)ec2d (1=p)S2—s11) 4 (1 — p)p*e—czp*q*(sz—su)] =0
By simple algebra, g*:

S S A JE I3
T = =) \pA—p) " (S, —s1) " \L
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